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In this paper we first generalize a Ky Fan minimax inequality. Then we obtain
two foundational quasi-variational inequalities which play a key role throughout
this paper. We shall use these results to obtain some general theorems on solutions
Ž .of the generalized quasi-variational inequalities GQVI on a paracompact set X
in a Hausdorff locally convex space E, where the set-valued operator T : X 2 E
is either strongly pseudo-monotone or pseudo-monotone.  2000 Academic Press
1. INTRODUCTION
Generalized quasi-variational inequalities on non-compact sets have
Ž been studied in the literature by many authors see, for example, 46, 9,
.11 . In the second section of this paper we give some preliminaries.
Section 3 is concerned with an extension of the ChowdhuryTan general-
   ized version 4, Theorem 2 of ky Fan’s minimax inequality 10, Theorem 1
by relaxing the coercivity condition. In Section 4 our main results are
stated and proved. The remaining section is devoted to some applications
Ž . Ž . ² :to GQVI; that is, find y S y and w T y such that Re w, y x  0ˆ ˆ ˆ ˆ ˆ ˆ
Ž .for all x S y where X is a subset of a Hausdorff locally convex spaceˆ
E; S : X 2 X and T : X 2 E are two maps.
2. PRELIMINARIES
Let E be a topological vector space. We denote by E the continuous
dual of E. If Y is a set, we let 2Y denote the family of all nonempty subsets
Ž .of Y and F Y the family of all finite subsets of Y. If X is a topological
Ž .space and A is a subset of X we denote by cl A the closure of A in X.X
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Ž .DEFINITION 1. Let X be a topological space. A family  ofi i I
 continuous functions defined from X to 0, 1 is called a continuous
Ž .partition of unity subordinated to the open cover V if,i i I
Ž .1 supp   V , for all i I,i i
Ž . Ž .2 the family supp  is locally finite,i i I
Ž . Ž .3 Ý  x 	 1 for each x X.i I i
DEFINITION 2. We say that a mapping G : X 2 E is upper hemi-con-
Ž .  ² :tinuous u.h.c. if for any p E , the functional x sup p, y isyGŽ x .
Ž .  4 Ž  .upper semi-continuous u.s.c. from X to 
  cf. 11 .
Remark. It is known that every upper semi-continuous map G is upper
hemi-continuous.
DEFINITION 3. Let X be a nonempty convex subset of E. A functional
 : X X is said to be 0-diagonally concave in the first argument
Ž .  4 m0-DCV if for any finite subset x , x , . . . , x  X and any y	Ý  x1 2 m i	1 i i
Ž m . m Ž .    0, Ý  	 1 , we have Ý   x , y  0 11, 12 .i i	1 i j	1 j j
Ž . Ž .Remarks. i If  is 0-DCV then  x, x  0 for each x X.
Ž . Ž .ii If  is concave in the first argument and  x, x  0 for each
x X then  is 0-DCV.
Ž .iii If  and  are 0-DCV and  ,  0 then   is 0-DCV.
DEFINITION 4. Let X be a nonempty subset of E and f : X X
be a mapping. We say that f is pseudo-monotone if for each y X and
 4every net y staying in a convex compact subset of X and converging 
Ž . Ž . Ž .to y with lim sup f y, y  0, we have f x, y  lim inf f x, y for all   
Ž  .x X cf. 1, 11 . f is said to be strongly pseudo-monotone if for each
   4continuous function 	 : X 0, 1 , for each y X and every net y 
staying in a convex compact subset of X and converging to y with
 Ž . Ž . Ž . Ž .  Ž . Ž .lim sup 	 y f y, y  0, we have 	 y f x, y  lim sup 	 y f x, y     
for all x X.
Remark. If f is lower semi-continuous in the second argument on
every convex compact subset of X then f is pseudo-monotone and
strongly pseudo-monotone. Thus our main results extend easily 6, Theo-
rem 7 .
DEFINITION 5. Let T : X 2 E and h : X X. We say that T is
h-pseudo-monotone if the functional
² :f : x , y  inf Re w , y x  h x , yŽ . Ž .
Ž .wT y
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from X X to  is pseudo-monotone. The map T is said to be strongly
h-pseudo monotone if f is strongly pseudo-monotone.
 Remark. Definition 5 is more general than the definition given in 5
 4because the net y is taken in a convex compact subset of X. Thus 
 we can see that in 5, Theorem 3.1 , X can be taken convex paracompact
not necessarily bounded, and T and h can be taken only bounded on every
Ž .convex compact subset of X see Theorem 11 .
3. GENERALIZATION OF KY FAN’S MINIMAX INEQUALITY
In what follows, we generalize Chowdhury and Tan’s generalized version
 of Ky Fan’s minimax inequality 4, Theorem 1 and Theorem 2 . We will
 also generalize 3, Theorem 10 in the case where the two bifunctions in
the theorem are equal. But first, we recall the following lemma which is a
generalization of Ky Fan’s Lemma.
 LEMMA 6 4, Lemma 2 . Let E be a topological ector space and X a
nonempty conex subset of E. Let F : X 2 X be a map such that
Ž . Ž Ž ..i cl F x is compact for some x  X ;X 0 0
Ž . Ž . Ž . Ž .ii for each A F X with x  A and each x co A , F x 0
Ž . Ž .co A is closed in co A ;
Ž . Ž . Ž . Ž .iii for each A F X , co A  F x ;x A
Ž . Ž .iv for each A F X with x  A,0
cl F x  co A 	 F x  co A .Ž . Ž . Ž . Ž . X ž /
Ž . Ž .xco A xco A
Ž .Then  F x is nonempty.x X
THEOREM 7. Let E be a Hausdorff topological ector space, X a nonempty
conex subset of E, and 
 : X X a map such that
Ž . Ž . Ž . Ž .a for each A F X and each fixed x co A , y 
 x, y is
Ž .lower semi-continuous on co A ;
Ž . Ž . Ž .b for each A F X , sup min 
 x, y  0;y coŽ A. x A
Ž .  4c for each x, y X and eery net y staying in a conex 
Ž Ž . .compact subset of X and conerging to y with 
 tx 1 t y, y  0 for
  Ž .all   and t 0, 1 , we hae 
 x, y  0;
Ž .d there exists a nonempty conex compact K of X such that for all
Ž .y XK there exists x K such that 
 x, y  0.
Ž .Then there exists y K such that 
 x, y  0 for all x X.ˆ ˆ
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Proof. Define F : X 2 X by
F x 	 y K : 
 x , y  0 for each x X . 4Ž . Ž .
Ž .We first prove that F x is nonempty for each x X.
Ž 4 .  4Let x  X and B	 co x 
 K the convex hull of x 
 K. Then B1 1 1
is a convex compact subset of X because it is the convex hull of a finite
 union of convex compact sets 2, Chap. II, Proposition 15 .
B Ž .  Ž . 4Define S : B 2 by S x 	 y B : 
 x, y  0 , for each x B.
Ž . Ž .By assumption b we have x S x for each x B. Hence, S is a map
with nonempty values.
Let us show that S satisfies all the conditions of Lemma 6.
Ž . Ž Ž ..i Since B is compact, cl S x is a compact set for each x B.B
Ž . Ž . Ž . Ž . Ž . ii Let A F B and x co A . Then S x  co A 	 y
Ž . Ž . 4 Ž . Ž .co A : 
 x, y  0 is closed in co A by assumption a .
Ž . Ž . Ž . Ž .iii Let A F B and suppose that co A is not in  S x .x A
Ž . Ž .Then there exists y co A such that min 
 x, y  0, which contra-x A
Ž . Ž .dicts the assumption b . Hence, S satisfies the condition c of Lemma 6.
Ž . Ž .  Ž Ž . Ž .iv Let A F B and y cl  S x  co A . Then yB x coŽ A.
Ž .  4 Ž . co A and there exists a net y in  S x converging to y.  x coŽ A.
Ž Ž . . Ž .  It is clear that y  S tx 1 t y for each x co A and t 0, 1 ,
that is,
 
 tx 1 t y , y  0 for each x co A and each t 0, 1 ,Ž . Ž .Ž .
Ž . Ž . Ž .so by assumption c , 
 x, y  0 for each x co A because the net
 4  Ž .y stays in the convex compact B. It follows that y  S x  x coŽ A.
Ž .  Ž Ž . Ž .  Ž . Ž . co A and cl  S x  co A 	  S x  co A .B x coŽ A. x coŽ A.
Ž .Hence, by Lemma 6,  S x is nonempty.x B
Ž .Let y S x and suppose that y K. Then by the assumptionx B
Ž . Ž . Ž .d there exists x K such that 
 x, y  0, which contradicts y S x .
Ž . Ž . Ž .Therefore, y K S x 	 F x and F x is nonempty.1 1 1
Ž .In the same way we also prove that  F x is nonempty. Hence,x X
Ž .there exists y K such that 
 x, y  0 for all x X.ˆ ˆ
Ž . Ž . Ž .Remarks. 1 The assumptions c and d are more general than the
Ž . Ž .  conditions c and d given in 4, Theorem 1 .
Ž . Ž .2 If X is convex and compact, the assumption d can be omitted.
Ž . Ž .3 If for all x X the map y 
 x, y is lower semi-continuous
Ž . Ž .on every convex compact subset of X then the assumptions c and d
hold.
Ž .  4 We can easily generalize many results of 4 in the same way.
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Throughout the following sections, E is a Hausdorff locally convex
topological vector space and X is a nonempty conex paracompact subset
of E.
4. MAIN RESULTS
Theorem 8 and Theorem 9 in the following are the main results of this
 paper and extend 6, Theorem 7 .
XTHEOREM 8. Let S : X 2 and  : X X be two maps such
that
Ž .1 S is upper hemi-continuous with closed conex alues;
Ž . Ž . Ž . Ž .2 for each A F X and x co A the map y x, y is lower
Ž .semi-continuous on co A ;
Ž .3  is 0-DCV in x and strongly pseudo-monotone;
Ž .  Ž . 44 the set Ý	 y X : sup  x, y  0 is open in X ;x SŽ y .
Ž .5 there exists a nonempty conex compact K of X such that for all
Ž . Ž .y XK there exists x K S y with  x, y  0.
Ž . Ž .Then, there exists y K such that y S y and sup  x, y  0.ˆ ˆ ˆ ˆx SŽ y .ˆ
Ž .Proof. By assumption 5 it is sufficient to prove that there exists y Xˆ
Ž . Ž .such that y S y and sup  x, y  0.ˆ ˆ ˆx SŽ y.ˆ
Ž .Suppose that this assertion is false. Then for each y X, either y S y
of yÝ.
Ž .If y S y , then by the HahnBanach Separation Theorem, there
 ² : ² :exists p E such that Re p, y  sup Re p, x  0, that is,x SŽ y .
² :y V 	 z X : inf Re p , z x  0½ 5p
Ž .xS z
Ž .which is an open subset of X by 1 .
 4Let U 	 ; then U , V : p E is an open cover of X and there is a0 0 p
 4continuous partition of unity  ,  : p E subordinated to this open0 p
 cover 7, Theorem 2.8.4, Chap. 1 . Consider f : X X such that
² :f x , y 	  y  x , y   y Re p , y xŽ . Ž . Ž . Ž .Ý0 p
pE
 x , y  X X .Ž .
Note that the last sum is finite because y is in supp  for only finitelyp
many p E. Now, we show that all conditions of Theorem 7 are satisfied
by f.
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Ž . Ž . Ž . Ž .a Let A F X , x co A , and y  co A . There exists an0
Ž . open neighborhood V y of y and p , p , . . . , p  E such that0 0 1 2 m
m
² :f x , y 	  y  x , y   y Re p , y x  y V y .Ž . Ž . Ž . Ž . Ž .Ý0 p i 0i
i	1
Ž . Ž .It follows from 2 that the map y f x, y is lower semi-continuous
Ž .on co A .
Ž .  4 Ž . m Ž . Žb Let A	 x , x , . . . , x  F X and y	Ý  x  co A 1 2 m j	1 j j i
m . Ž . 0 and Ý  	 1 . From assumption 3 it follows thati	1 i
m m m
² : f x , y 	  y   x , y    y Re p , y xŽ . Ž . Ž . Ž .Ý Ý Ý Ýj j 0 j j j p j
j	1 j	1 j	1 pE
m
	  y   x , yŽ . Ž .Ý0 j j
j	1
m
  y Re p ,  y xŽ . Ž .Ý Ýp j j¦ ;
pE j	1
m
	  y   x , yŽ . Ž .Ý0 j j
j	1
 0.
So f is 0-DCV in x.
Ž .  4c Let x, y X and y be a net in X staying in an convex 
Ž Ž . .compact subset of X and converging to y with f tx 1 t y, y  0,
 for all   and t 0, 1 . Let V be an open neighborhood of y and
p , . . . , p  E such that1 n
n
² :f u , z 	  z  u , z   z Re p , z uŽ . Ž . Ž . Ž .Ý0 p ii
i	1
for each u X and each z V.
Let    such that y  V for all   . For t	 0,0  0
n
² : y  y , y   y Re p , y  y  0 for all   .Ž . Ž . Ž .Ý0   p  i  0i
i	1
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 Ž . Ž .Hence, lim sup  y  y, y  0. Since  is strongly pseudo-mono- 0  
tone, then
 y  x , y  lim sup  y  x , y . 1Ž . Ž . Ž . Ž . Ž .0 0  

For t	 1,
n
² : y  x , y   y Re p , y  x  0 for all   .Ž . Ž . Ž .Ý0   p  i  0i
i	1
Therefore,
n
² :lim sup  y  x , y   y Re p , y x  0. 2Ž . Ž . Ž . Ž .Ý0   p ii
 i	1
Ž . Ž . Ž .From inequalities 1 and 2 we conclude that f x, y  0.
Ž . Ž . Ž .d Let y XK ; by assumption 5 there exists x K S y
Ž . Ž . Ž . Ž .such that  x, y  0. Hence  y  x, y  0 whenever  y  0 and0 0
Ž . ² : Ž .  Ž . y Re p, y x  0 whenever  y  0 for p E because x S y .p p
Consequently,
² :f x , y 	  y  x , y   y Re p , y x  0.Ž . Ž . Ž . Ž .Ý0 p
pE
Finally all conditions of Theorem 7 hold. Hence there exists y K such
that
f x , y  0, for all x X .Ž .
Ž . Ž .If  y  0, then yU , that is, sup  x, y  0. Therefore, there0 0 x SŽ y .
Ž . Ž . Ž . Ž .exists x S y such that  y  x, y  0. On the other hand, if  y 0 p
² : Ž .0, then y Vp, that is, Re p, y x  0 for all x S y . Hence,
Ž . ² : Ž . y Re p, y x  0 for all x S y . We deduce that there existsp
Ž . Ž .x S y such that f x, y  0, which is in contradiction with inequal-
Ž . Ž .ity 3 . It follows that there exists y X such that y S y andˆ ˆ ˆ
Ž .sup  x, y  0.ˆx SŽ y .ˆ
XTHEOREM 9. Let S : X 2 and  : X X be two maps such
that
Ž .1 S is upper hemi-continuous with closed conex alues;
Ž . Ž . Ž . Ž .2 for each A F X and each x co A the map y x, y is
Ž .lower semi-continuous on co A ;
Ž .3  is 0-DCV in x, pseudo-monotone, and for all x X the map,
Ž .y x, y is bounded on eery conex compact subset of X ;
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Ž .  Ž . 44 the set 	 y X : sup  x, y  0 is open in X ;x SŽ y .
Ž .5 there exists a nonempty conex compact K of X such that for all
Ž . Ž .y XK there exists x K S y with  x, y  0.
Ž . Ž .Then there exists y K such that y S y and sup  x, y  0.ˆ ˆ ˆ ˆx SŽ y.ˆ
Proof. We shall only show that the map f introduced in the proof of
Ž .Theorem 8 satisfies the assumption c of Theorem 7. The other assump-
tions of this theorem are obtained as in the proof of Theorem 8.
 4Let x, y X and y be a net in X staying in a convex compact 
Ž Ž . .subset C of X and converging to y with f tx 1 t y, y  0, for all
   and t 0, 1 . We distinguish two cases:
Ž .  4Case 1.  y 	 0. Since y stays in the convex compact C, then0  
Ž .  Ž . 4by 3 , we get that  x, y :   is a bounded set. So
lim  y  x , y 	 0 3Ž . Ž . Ž .0  

Ž .since  y  0.0 
For t	 1 we have
² : y  x , y   y Re p , y  x  0 for all  .Ž . Ž . Ž .Ý0   p  
pE
Ž . Ž . ² :Then by equality 4 we conclude that Ý  y Re p, y x  0.p E p
Ž . Ž .Since  y 	 0, we see that f x, y  0.0
Ž . Ž . Ž .Case 2.  y  0. Since  y   y , there exists    such0 0  0 0
Ž .that  y  0 for all   . For t	 0 we have0  0
² : y  y , y   y Re p , y  y  0 for all  .Ž . Ž . Ž .Ý0   p  
pE
 Ž . Ž . Ž .Hence, lim sup  y  y, y  0. Since  y  0 for all   , 0   0  0
Ž .  Ž . 4 y  0, and the set  y, y :   is bounded, it follows that0 
Ž . Ž . Ž . y lim sup  y, y  0. So lim sup  y, y  0. Since  is pseudo-0    
monotone,
 x , y  lim inf x , y . 4Ž . Ž . Ž .

For t	 1 we have
² : y  x , y   y Re p , y  x  0 for all  .Ž . Ž . Ž .Ý0   p  
pE
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Therefore,
² :lim inf  y  x , y   y Re p , y x  0.Ž . Ž . Ž .Ý0   p
 pE
It follows that
² : y lim inf x , y   y Re p , y x  0 5Ž . Ž . Ž . Ž .Ý0  p
 pE
Ž . Ž .  Ž . 4since  y  0 for all   ,  y  0, and the set  x, y :  0  0 0 
Ž . Ž .is bounded. It follows from inequalities 5 and 6 that
² :f x , y 	  y  x , y   y Re p , y xŽ . Ž . Ž . Ž .Ý0 p
pE
² :  y lim inf x , y   y Re p , y xŽ . Ž . Ž .Ý0  p
 pE
 0.
Ž .Remark. If X is convex and compact the assumption 5 in Theorem 8
and Theorem 9 can be omitted.
5. GENERALIZED QUASI-VARIATIONAL INEQUALITIES
 Our next theorem extends 5, Theorem 2.1; 6, Theorem 10 .
THEOREM 10. Let S : X 2 X, T : X 2 E, and h : X X be
three maps such that
Ž .1 S is upper-hemi-continuous with closed conex alues;
Ž .2 T is strongly h-pseudo-monotone and upper semi-continuous from
Ž .   Ž .co A to the weak -topology on E for each A F X , with conex
weak-compact alues;
Ž . Ž .3 h is concae in the first argument with h x, x  0 for each x X
Ž . Ž . Ž .and for each A F X and x co A the map y h x, y is lower
Ž .semi-continuous on co A ;
Ž .  Ž ² :4 the set Ý 	 y  X : sup inf Re w, y  x x SŽ y . wT Ž y .
Ž .. 4h x, y  0 is open in X ;
Ž .5 there exists a nonempty conex compact subset K of X such that for
Ž .each y XK, there exists x K S y with
² :inf Re w , y x  h x , y  0.Ž .
Ž .wT y
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Ž . Ž .Then, there exists y K such that y S y and there exists w T y withˆ ˆ ˆ ˆ ˆ
² :Re w , y x  h x , y  0 for all x S y .Ž . Ž .ˆ ˆ ˆ ˆ
Proof. Consider the functional  : X X with
² : x , y 	 inf Re w , y x  h x , y for x , y X .Ž . Ž .
Ž .wT y
Then,  satisfies all the hypotheses of Theorem 8. Indeed,
Ž .i S is upper hemi-continuous with closed convex values by as-
Ž .sumption 1 .
Ž . Ž . Ž .  ii Let A F X and x co A . According to 4, Lemma 3 , we
Ž . Ž . Ž .see, from assumptions 2 and 3 , that the map y x, y is lower
Ž .semi-continuous on co A .
Ž .iii Since T is strongly h-pseudo-monotone, it follows that  is
strongly pseudo-monotone by Definition 5. On the other hand the map
defined on X X by
² :g x , y 	 inf Re w , y xŽ .
Ž .wT y
Ž .is concave in the first argument with g x, x  0 for each x X. Hence
Ž .by condition 3 ,  is 0-DCV in x.
Ž . Ž .  Živ Using 4 , we deduce that the set Ý	 y X : sup  x,x SŽ y.
. 4y  0 is an open subset of X.
Ž . Ž .v It follows from 5 that for all y XK, there exists x K
Ž . Ž .S y such that  x, y  0.
According to Theorem 8, we see that there exists y K such thatˆ
Ž . Ž .y S y and sup  x, y  0, that is,ˆ ˆ ˆx SŽ y .ˆ
² :sup min Re w , y x  h x , y  0.Ž .ˆ ˆ
Ž .wT yˆŽ .xS yˆ
Ž . ² : Ž .Note that for a fixed x S y , wRe w, y x  h x, y is convex andˆ ˆ ˆ
Ž . Ž .continuous on the convex compact T y , and for a fixed w T y , theˆ ˆ
² : Ž . Ž .map xRe w, y x  h x, y is concave on the convex S y . Thus byˆ ˆ ˆ
Ž  .Kneser’s Minimax Theorem cf. 8 , we have
² :sup min Re w , y x  h x , yŽ .ˆ ˆ
Ž .wT yˆŽ .xS yˆ
² :	 min sup Re w , y x  h x , y  0.Ž .ˆ ˆ
Ž .wT yˆ Ž .xS yˆ
QUASI-VARIATIONAL INEQUALITIES 525
Ž . Ž .Since T y is compact, there exists w T y such thatˆ ˆ ˆ
² :sup Re w , y x  h x , y  0.Ž .ˆ ˆ ˆ
Ž .xS yˆ
 Remark. Theorem 2.3 of 5 can be generalized if we replace the
Ž .coercivity condition by assumption 5 of Theorem 10.
 The following theorem extends 5, Theorem 3.1 in several ways.
THEOREM 11. Let S : X 2 X, T : X 2 E, and h : X X be
three maps such that
Ž .1 S is a upper hemi-continuous with closed conex alues,
Ž . Ž . Ž .2 i T is h-pseudo-monotone and upper semi-continuous from co A
  Ž . to the weak -topology on E for each A F X , with conex weak -com-
pact alues,
Ž .ii T is strongly bounded on any nonempty conex compact subset
of X,
Ž . Ž . Ž . Ž .3 i h is concae in x with h x, x  0 for x X, and for A F X
Ž . Ž . Ž .and x co A the map y h x, y is lower semi-continuous on co A ,
Ž . Ž .ii for each x X, y h x, y is bounded on any nonempty
conex compact subset of X,
Ž .  Ž ² : Ž4 the set Ý	 y X : sup inf Re w, y x  h x,x SŽ y . wT Ž y .
.. 4y  0 is an open subset of X,
Ž .5 there exists a nonempty conex compact subset K of X such that for
Ž .each y XK, there exists x K S y with
² :inf Re w , y x  h x , y  0.Ž .
Ž .wT y
Ž . Ž .Then there exists y K and w T y such that y S y withˆ ˆ ˆ ˆ ˆ
² :Re w , y x  h x , y  0 for all x S y .Ž . Ž .ˆ ˆ ˆ ˆ
Proof. Consider the functional  : X X with
² : x , y 	 inf Re w , y x  h x , y for x , y X .Ž . Ž .
Ž .wT y
Ž .We will only show that for each x X, the map y x, y is bounded
on every nonempty convex compact subset of X. The other conditions of
Theorem 9 are obtained as in the last proof.
Let x X and Z be a nonempty convex compact subset of X. Since Z
  ² :  4is bounded, the set U	 u E : sup u, y x  1 is a stronglyy Z
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 Ž . Ž . Ž .open neighborhood of 0 in E . Hence, by assumption 2 ii , T Z is
Ž .absorbed by U, so there exists a scalar  such that T Z  U. We
conclude that for each y Z,
² : ² :inf Re w , y x 	 Re w , y x for some w  T yŽ .0 0
Ž .wT y
² : w , y x0
  ² :	  u , y x for some u U0 0
   .
Ž . Ž . Ž .It follows from assumption 3 ii that the map y x, y is bounded on
Ž .Z. Hence, by Theorem 9, there exists y K such that y S y andˆ ˆ ˆ
Ž .sup  x, y  0. We conclude by Kneser’s Minimax Theorem.ˆx SŽ y .ˆ
Ž .Remarks. a If X is a nonempty convex compact subset of E the
Ž .assumption 5 of Theorem 10 and Theorem 11 can be omitted.
Ž .  b Theorem 3.3 in 5 can be generalized in the same way.
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